Introduction to CDS Valuation
Market liquidity has become central to debt markets over the last ten years, as evidenced by the number of innovative credit products that have been introduced to increase the depth and breadth of credit markets. This phenomenon has led to the exponential growth of credit derivatives, one of the most successful financial one positive outcome of this growth is the strengthening of the financial sector by spreading credit risk more broadly across the entire sector as against having it all concentrated among a few participants.
The abundance of current financial literature on credit default swap 3 valuation ignores the possible role of market liquidity as a parameter in valuing credit default swaps (credit risks). Empirical work by Fleming (2003) shows that bond market liquidity can be a barometer of market conditions, which can signal the willingness of market makers to commit capital and take on risk. While there is an abundance of one or two-factor models that attempt to value these instruments, there is a lack of work that factors the impact of market liquidity in the valuation model. Chen et al (2004) found that changes in liquidity and credit ratings alone explain 33% of cross-sectional variations in investment and speculative grade bond spreads.
Recent work by Tang et al (2006) and Acharya et al (2005) has also concluded that there is evidence that liquidity plays a critical role in the CDS market. Given the importance of liquidity in bond pricing, it is believed that the introduction of this parameter in the credit default swap (CDS) pricing model will help to improve the explanatory power of the model and better explain the cross-sectional variation in the CDS spreads.
Approaches to Credit Default Swap Valuation
Earlier empirical work on valuing credit default swaps (CDS) and other contingent claims that are subject to default risks have been modeled using either the structural or the reduced model approach. The structural form model views contingent claims as options written on the value of an underlying firm's assets. In so doing the model treats the bankruptcy or default process as endogenous by explicitly modeling the asset and liability structure of the company. Stochastic processes for both the value of assets and liabilities are specified and default is triggered whenever the value of assets falls below the value of liabilities. In other words, default endogenously occurs when the debt value of the firm exceeds the total value of the firm. Duffie and Singleton (1999) also suggest that these models are based on first passage of assets to a default boundary. These models have been used by Merton (1974) , Chance (1990) , Longstaff and Schwartz (1995) , Bharath and Shumway (2004) , Zhang, Zou and Zhu (2005) and Das, Hanouna and Sarin (2006) .
Adaptations of structural models are based on the original framework developed by Merton (1974) using the principles of option pricing. In such a framework, the default process of a company is driven by the value of the company's assets and the risk of a firm's default is therefore explicitly linked to the variability in the firm's asset value. The Merton model premises that default occurs when the value of a firm's assets is lower than that of its liabilities. Assuming that the company's debt is entirely represented by a zero-coupon bond, if the value of the firm at maturity is greater than the face value of the bond, then the bondholder gets back the face value of the bond. However, if the value of the firm is less than the face value of the bond, the equity holders get nothing and the bondholders get back the market value of the firm. The payoff at maturity of the bondholder is therefore equivalent to the face value of the bond minus a put option on the value of the firm, with a strike price equal to the face value of the bond and a maturity equal to the maturity of the bond. Following this basic intuition, Merton derived an explicit formula for default risky bonds, which can be used both to estimate the probability of default (PD) of a firm and to estimate the yield differential between a risky bond and a default-free bond 4 .
However, despite improvements over the years to make the original Merton framework more robust, the improved structural-form model still suffers from three main drawbacks, which represent the main reasons behind their relatively poor empirical performance. They still require estimates for the parameters of the firm's asset value, which is non-observable. Also, they cannot incorporate credit rating changes that occur quite frequently for default risky corporate debts. Finally, most structural form models assume that the value of the firm is continuous in time. As a result, the time of default can be predicted just before it happens and thus no surprise events occur.
In attempting to overcome the difficulties of implementing and working with structural models, researchers introduced reduced form models that use simple valuation procedures to produce exceptional results, that compare well to their structural counterparts. Reduced form models achieve this feat because they assume that default is an unpredictable event following some exogenous unexpected random jump process and as such does not require estimates of the value of the firm's assets (see Longstaff et al (2005) ). Though recent work by Arora et al (2005) suggests that reduced form models do not significantly outperform structural models when predicting probability of default and CDS premia, the reduced form model's ease of calibration, simplicity in specification and limited data requirement makes them popular. These models include those developed by Jarrow and Turnbull (1995) , Jarrow, Lando and Turnbull (1997) , Duffie, Saita and Wang (2004) , Longstaff, Mithal and Neis (2005) and Wu and Zang (2005) .
Reduced form models have been extended in different directions over the years so as to improve their effectiveness in predicting default and valuing credit risk. However, a review of the literature has not revealed an attempt to model the effect of market liquidity in the valuation of credit risk. Longstaff, Mithal and Neis (2005) used the bond market to extract data which was used to price CDS contracts.
They found that bond implied CDS premia were higher than market CDS spreads.
The difference was attributed to liquidity factors and tax effects which do not necessarily reflect the default risk of the underlying asset. Blanco, Brennan, and Marsh (2005) reported that though they found that implied CDS and bond premia appeared in line with each other in the long run, CDS spreads tend to respond more quickly to changes in credit conditions in the short run. This short run phenomenon appears to be a market liquidity condition. In addition, Tang and Yan (2006) found from their work on the effects of liquidity in the CDS market that CDS spreads were significantly positive with liquidity, which led them to conclude that there is significant liquidity effects in the CDS market.
The purpose of this study is to extend the popular reduced form approach to modeling credit risk by including a market liquidity proxy. Observed CDS market data tend to suggest that liquidity is directly related to credit quality. So while the study will be looking at the direct effects of liquidity in the valuation process, it will also be interesting to view the indirect effects of liquidity on autonomous credit risk.
The proposed methodology for this study builds on the recent literature of credit default swap valuation through joint default risk-neutral intensity and recovery rate dynamics. The study adopts historical CDS bid-ask spreads as a proxy of market liquidity.
The study's main innovations are, (a) the effects of liquidity in CDS valuation, examining how changing liquidity conditions affect credit risk valuation in high frequency data; and (b) evaluating the effects of liquidity on the phenomenon of autonomous credit risk. Autonomous credit risk appears to be a positive phenomenon that occurs when market risk (short term instantaneous interest rate) is zero and markets are fully liquid. Such credit risk is considered autonomous of market risk and market liquidity only when the credit spreads or premia does not vary with changes in market risk and liquidity conditions. An absence of liquidity effects in the market should result in an underestimation of the autonomous credit risk. In a somewhat similar study Pan and Singleton (2005) found that in the absence of liquidity considerations in the CDS market, implied recovery rates were significantly lower than generally observed.
These results should thus compliment past empirical work in better estimating credit risk. The study will begin by laying out the proposed model structure and components of the model following the two-factor model developed by Jarrow et al (2001) . In the initial specification of the model the hazard rate is only a function of the default-free interest rate. The extended three-factor model 5 will include a market liquidity proxy. Liquidity spreads are increasingly being viewed as a function of the volatility of the firm's assets and leverage, which are key determinants of credit risk. Its effects tend to be most dramatic as it tends to disappear when most needed by the market (as demonstrated in some of the more recent market downturns) and suddenly re-emerges as markets become bullish. Both specifications will be used in the pricing of market traded US corporate credit default swap. The estimates of the parameters will be compared across the standard and extended forms of the reduced-form two-factor pricing model, across the observed dataset, and to the estimates obtained in similar studies to determine the relevance of these assumptions to the outcome of the results.
Economic theory suggests that market and credit risks are intrinsically related to each other and inseparable. If the market value of the firm's assets unexpectedly 5 As discussed in Section 2, the two-factor model is a special case of the three-factor liquidity enhanced model. changes, generating market risk, this will increase the probability of default thereby generating credit risk 6 . As such, a central hypothesis to a number of reduced form models and the one used in this study is the fact that market and credit risks are positively related, inseparable and dependent on the macro economy (short term interest rates). However these models appear to be missing another important aspect; market liquidity considerations, which can be viewed as a function of the volatility of the firm's assets and leverage, a determinant of credit risk that measures the willingness of market makers to commit resources to absorb market volume.
The remainder of the paper is organized into four sections. Section 2 introduces the theoretical foundations of the model and discusses the methodology for credit default swap pricing, giving some overview of current valuation methodologies and the analytical procedure for including the liquidity proxy to the pricing process. Section 3 gives a brief description of the CDS data and the various explanatory variables. Section 4 presents the main empirical findings regarding the role of market liquidity in CDS valuation. Section 5 summarizes the finding and proposes areas of future research. 6 Credit risk is jointly determined by the occurrence of default and the recovered amounts in the event of a default.
Model Structure
This section lays out the model structure and the component parts of the model following the two-factor reduced form approach developed by Jarrow et al (2001) .
The two-factor model is a special case of the three-factor liquidity enhanced specification. When l t = 0 the three-factor model collapses to the Jarrow et al's (2001) two-factor framework. The model assumes that markets are frictionless, arbitrage free and characterized by a constant exogenous recovery rate (r t ). The model further assumes that the US Treasury rate is the default free rate, and that default events and recovery rates are correlated and dependent on the macro economy.
The Credit Default Swap Valuation Framework
The valuation framework is derived from the no arbitrage, reduced form credit risk approach. The study considers a pure exchange, frictionless economy with a finite horizon [o, τ] for a fixed τ > 0. Trading can be discrete or continuous and traded are both defaultable and default-free zero coupon bonds of all maturities. The portfolio of bonds serves as the numeraire. The underlying uncertainty in the economy is represented by a filtered probability space (Ω, , P), where Ω is the state space, is the σ-algebra representing measurable events, and is the empirical probability measure. Information evolves over the trading interval according to the augmented right-continuous complete filtration { : t ∈ [0, τ]} generated by n ≥ 1 independent Brownian motions {W
initialized at zero. We let E( • ) denote expectation with respect to the probability measure .
P
Given the assumption of no arbitrage and frictionless markets, there exists an equivalent martingale measure (making all the default free and risk zero coupon bond prices martingales), defined by the property that the price (P Q t ) at date t of a security promising some contingent amount at time , and paying zero in default, is represented as follows
Whereτ denotes the random occurrence of default ( ) T τ < , characterized as follows,
r s = ƒ(t, t) is the risk free short rate process and l s is the available market liquidity which anecdotally increases with a deterioration in credit quality. So given equation
(1), the prevailing spot rate and existing market liquidity the present values of zero coupon bonds are computed by discounting and taking expectations with respects to Q .
For purposes of this study it will also be assumed that τ has a risk neutral intensity, denoted where gives the approximate probability of default for this firm over the time interval [t, t+Δ] . Jarrow (2001) used a two factor reduced form model to price credit default swaps under an assumption of a perfectly liquid market, however this study will relax this assumption by inputting a measure of liquidity
λ directly into the model. So under the usual Cox process the study assumes that the risk neutral intensity process is modeled as ( )
, where
is a vector stochastic process representing the state variable underlying the macro economy and is the liquidity proxy that measures market liquidity. Additionally, Jarrow et al (2001) further suggests that an increase in market risk increases the likelihood of the issuing firm defaulting on its debt obligation. This study further postulates that liquidity decreases with a deterioration of credit quality, hence we would expect that low investment grade and high yield grade securities would have less liquid markets than high investment grade instruments. This would explain why a number of high yield products are illiquid and difficult to trade in debt markets.
Secondly, the Cox-process assumption, the conditional risk-neutral probability of
Given equations (1) and (3) we can indirectly determine the value of the credit default swap analytically from the discounted value of the swap payment stream to the protection seller as represented by the following expression of credit risky credit protection payments 7 .
7 See Jarrow and Yildirim (2001) for a detailed description of the CDS analytical pricing process.
The protection sellers periodic swap payment receipts in equation (4) with zero recovery rates, less the cost of credit protection. Given the preceding we can manipulate the analytic formulation in (4) to obtain the value of the risky coupon bond displayed in equation (5).
Computationally, this expression satisfies the valuation framework wherein the risk neutral default intensity is positively correlated with interest rates but independent of market liquidity. Market liquidity is inversely related to credit risk, hence as credit quality deteriorates bid-ask spreads will widen.
At time 0, when P t = 0, equation 5 
Analytical computations using expression 6 will yield the market liquidity enhanced The dynamics of the default intensity and recovery rate jointly determine the dynamics of the CDS spread in the reduce form methodology. Reduced form models introduce separate explicit assumptions on the dynamics of both the probability of default and recovery rates. An abundance of research has been devoted to default intensity dynamics unlike the dynamics of the recovery rate. This maybe partly due to the fact that as shown by Houweling and Vorst (2005) the recovery rate has negligible effects on the outcome of credit default swap prices. Generally, reduced form models assume an exogenous recovery rate that is independent of the probability of default. Given the outcome from Houweling and Vorst (2005) the methodology assumes a constant recovery rate for the preceding analyses.
The intensity function is assumed to be linear in the spot rate of interest and market liquidity. The hazard function's evolution is given under the risk neutral probability . Shown below as Q
Where :
(a) λ 0 is a deterministic function of time, or the implied autonomous risk premia;
(b) λ 1 and λ 2 are constants;
Additionally, it is further assumed that forward rates of all maturities exist and in the continuous case may be defined as;
Parameter Estimates
The sample variance, mean reversion parameter and long term mean is computed using the smoothed forward rate curves previously generated over the sample period.
Since we are using cross sectional data, a cubic-spline interpolation procedure is used to generate additional data points.
A: Default Parameter Estimates
Following a popular approach used by the academic literature, the issuer's default intensity can be modeled as following a stochastic Poisson process, characterized by jumps in the process. The study's default parameter estimates were obtained by using non-linear OLS to fit the term structures of default swap quotes to the estimated arbitrage free spot rate evolution. The non-linear regression procedure is implemented using both cross-sectional and time series observations of swap premia.
Given the spot rate parameter estimates of θ, α, and σ from the spot rate evolution process and the term structure of the swap prices, λ t is inverted, to obtain the parameter estimates (using a sums of squared error minimizing procedure).
Where λ 0 (t) ≥ 0 a deterministic function of time "t", is the implied autonomous risk that CDS investors hold when market risk is 0 and markets are fully liquid. λ 1 and λ 2 are constants. In this formulation, the (pseudo) probability of default per unit of time is assumed to be the maximum of a linear function of the spot rate r(t), market liquidity and zero. The maximum operator is needed in the expression to ensure that the intensity function doesn't become negative.
The intercept of the intensity process is a deterministic function that is restricted to be a constant. Since this model has only three parameters, there will be errors in matching the term structure of default swap quotes. Hence the parameters were chosen to minimize the sum of squared error between the theoretical and market quotes.
B: Recovery Rate Estimates
There are two approaches for the specification of the recovery rate. The first is to consider it as just another parameter, and estimate it from the data along with the other parameters. The second method is to a priori fix a value. A number of researchers in the economic literature suggest that although the first method seems preferable, it turns out that it is hard to identify the recovery rate from the data, see Duffee (1999) , Duffie and Singleton (1999) and Houweling and Vorst (2005) . This may pose a problem for some applications; fortunately this does not affect the pricing of credit default swaps. Houweling and Vorst (2005) found that the pricing of default swap premium is relatively insensitive to the assumed recovery rate. As such this study assumes a constant recovery rate across the observation period.
C: Liquidity Proxy Estimates
It is generally difficult to measure market liquidity, because liquidity is an elusive phenomenon. However a number of recent studies have shown promise using bidask spreads as a proxy for liquidity (see for example Tang and Yan (2006) , Acharya and Johnson (2005)). Following the popular approach of using bid-ask spreads as a measure of liquidity, the study used CDS bid-ask spreads for the CDS instruments for the period under study 9 . To be able to determine liquidity levels for each credit grade, the procedure is to calculate the measure of liquidity as the "ask" minus the "bid". The size of the spread from ask to bid prices will differ mainly because of the difference in liquidity of each asset. This spread differential is then divided by the mid price to derive a unit-less bid-ask measure. This unit-less bid-ask measure forms the instantaneous market liquidity proxy of the study. Tang and Yan (2006) illustrated that since bid-ask spreads are a measure of information asymmetry in the CDS market it would thus be a good liquidity measure. For this study pooled estimates were taken across credit classes. Table 3 in section 4 presents the pooled bid-ask spreads across credit grades. It can be seen from the table that bid-ask spreads increase across credit quality indicating that liquidity decreases with a deterioration of credit quality.
Description of the Data
This section provides a description of the data used in this paper. Credit default swap bid-ask 10 data for the market liquidity proxy estimates were obtained from Bloomberg. JP Morgan credit default swap mid price data was used to compute pricing estimates and the US Treasury rates were obtained from Bloomberg.
The data analyzed is based on weekly observations from January 2 Quotations are available only on days when there is some level of liquidity in the market as evidenced either through trades or by active market making by a dealer.
Bloomberg was then used to obtain CDS bid-ask prices, characteristics such as maturity dates, coupon percentages and seniorities. Bloomberg was also used to obtain weekly U.S Treasury, note and bill prices that were needed for the parameter estimation of the spot rate process. The JP Morgan credit default swap dataset is 10 The bid-ask prices are consensus quotes among market participants regarding the value of the CDS. comprised of quotes for contracts of maturities 3 through 10 years. During the sample period there are 135 weeks of default swap quotes per reference entity.
In reality since most of the credit default swaps trading activity is within the 5-year time to maturity group, the price quotes on the 5 year CDS premia will be used in the study's pricing analyses. For an issuer to be included in the sample, it must have at least 130 weekly observations of its 5-year CDS data points. As a result of this selection technique, the CDS dataset used in this study covers 41 issuers with an average of 133 weekly observations per issuers, for maturities of 1, 3, 5, 7 and 10 years respectively.
As stated earlier the market liquidity will be derived from bid-ask spreads. In any market that is in equilibrium, there will generally be a difference between the best quoted ask price and the best quote bid price. That difference is called the bidask spread (or bid-offer spread). For the market liquidity proxy, this study uses the percentage bid-ask spread, which is the bid-ask premia divided by the mid price. Tang and Yan (2006) suggest that bid-ask spreads measure trading costs that compensate market makers for the risk of adverse selection and hedging costs.
Depending upon the market bid-ask quotes may be expressed as actual prices, yields, implied volatilities, etc. The average of the bid and ask prices is called the mid-offer price.
Discussion of the Empirical Results
Estimates of the term structure parameters of i P θ , i p κ and i σ for the spot interest rate, market observed credit default swap (CDS) prices and the bid-ask liquidity proxy were computed using cross-sectional data of 1-year, 3-year, 5-year, 7-year and the 10-year credit default observations. The sample variance, mean reversion parameter and long term mean is computed using the smoothed forward rate curves previously generated over the sample period. The parameter estimates and the standard errors are presented in table 1a below; Looking at the sample's bid ask quotes, it is apparent that the average bid-ask spread increases with deterioration in credit rating. High bid-ask spreads are associated with low liquidity, hence firms perceived to be of a lower risk of default have lower instantaneous bid-ask credit spreads than firms in the high default risk group. Table 2 presents the pooled bid-ask spreads by credit ratings. Table 4a and 4b, which present the sample's descriptive statistics, both illustrate that the mean spread increases as credit quality deteriorated for the 5yr CDS spread. Also, the mean spreads were found to be higher at longer maturities.
This is important because anecdotal evidence suggests that credit rating is an important determinant of default premiums, and as Houweling et al (2005) suggests, "average premiums move linearly with credit quality", hence average premium appears to increase with a decrease in credit quality. The pooled means, standard deviations and coefficient of variations presented in table 4a further illustrate the degree of variability underlying the sample data. The estimates indicate variability both within and across credit qualities. Trứck et al (2004) suggests that this variability stems from the speed of reaction of the various financial markets to credit quality changes. The CDS market is perceived to react much quicker to anticipated credit quality changes than the bond or stock markets, see Hull et al (2004) and Longstaff et al (2005) . The hazard rate functions of all 32 firms had root mean errors (RMSE) of less than 0 basis points, with exception of AMR and UNUM Provident. These fitting errors compare well since the root mean square error, a kind of generalized standard deviation, which measures differences between subgroups or relationships between variables is close to or less than zero. These small errors are evidence that the CDS valuation model is relatively successful in capturing both the level and variation in default and credit risks.
Results of the Two-Factor Model
Using these estimated parameter values for the hazard function the study then used the closed form expression in equation 6 to solve for the credit default premia.
Summary statistics for the difference between the implied and the market credit default swap premia are reported in Table 6 . These summary statistics include the average differences with their respective t-statistics and the mean absolute percentage pricing error (the average of the absolute spread error divided by the observed swap premia). From Table 6 
Results of the Three-Factor Model
Tables 7a and 7b present the parameter estimates for the extended reduced form model discussed in section 2. Bloomberg CDS bid-ask spread measured in basis points was used as a proxy of market liquidity. Consistent with the earlier discussion of the two-factor model results, the root mean error of the estimates were all less than zero, and λ 1 was found to be positive, indicating that as interest rates increase, the likelihood of default also rises.
Additionally, the extended model also returned inverse parameter estimates for λ 2 , indicating that market liquidity moves inversely with credit risk. This result is in line with findings by Acharya and Johnson (2005) who also, while using a bid-ask liquidity proxy, found an inverse relationship between credit risk and liquidity. The effects of liquidity across credit quality is demonstrated in table 7b, which affirms the hypotheses that market liquidity does impact CDS valuation, and investors autonomous risks are greater than is apparent in the absence of market liquidity. between the implied and actual CDS prices. As with the earlier discussion of the two-factor model, the pricing errors range from positive to slightly negative. This finding appears to compliment a recent study by Longstaff et al (2005) who suggests that the market prices of credit risk may be larger than observed. The cross-sectional standard deviation of 3.93 suggests that although there is the significant variation across credit ratings, the liquidity parameter helps in explaining some of the observed cross-sectional variation seen in the two-factor specification. This finding is supported by prior work done by Tang and Yan (2006) The CDS level of liquidity or illiquidity 11 ; Chen et al (2004) suggests that the liquidity effect in Bond spreads remains significant even after controlling for several yield spread factors such as credit ratings, maturity and tax effects. 12 This is the average of the absolute valuation error divided by the mean observed CDS price.
Finally, the superior performance of the three-factor model versus the twofactor model bolsters the hypothesis that market liquidity influences the valuation of credit default swaps. This is consistent with results obtained by Chen et al (2004) in their work in examining the importance of liquidity in corporate yield spreads. In addition, the study also illustrates that implied autonomous credit risk is larger than investors would be led to believe in the absence of a market liquidity measure. The two factor model did not fully quantify the value of implied autonomous credit risk.
However once liquidity was added to the model we saw that investors had more implied exposure than previously perceived.
Conclusion
Over the past few years, financial markets have been marked by increased volatility and risk, due in part to the decline of credit quality brought on by unfavorable economic shocks. As a result of this scenario, there has been a sharp rise in the use of credit default swaps by investors to reduce credit and market risks.
Given the growing importance of the CDS market in both widening and deepening credit markets, this study attempts to investigate the importance of liquidity in the valuation process of CDS. A liquidity proxy was introduced to a popular two-factor approach to see its effects on the valuation process.
Both models were implemented empirically and the study found clear evidence that (a) The inclusion of liquidity improved the CDS valuation methodology, (b) The implied cost of autonomous credit risk is significantly higher with the inclusion of a liquidity proxy. The absence of market liquidity underestimates implied autonomous credit risk. The inclusion of the liquidity measure indicated that investors' implied risk was greater because of liquidity's effect through credit quality. The analysis also confirmed that the inclusion of the liquidity parameter did improve the valuation methodology. This was demonstrated through comparisons of the implied premia results of both models, the extended three-factor model performed better in matching the observed market data, suggesting that the addition of the market liquidity variable improved the explanatory power of the model. Economic theory suggests that market and credit risk are related to each other and not separable. The study found that market liquidity is important in valuing credit default swaps because it affects credit risks indirectly through credit quality.
The results of both models in the study have affirmed this view. The empirical results also illustrated levels of cross-sectional variation across both the high grade and yield credit grades. These levels of cross-sectional variation increase in the absence of a liquidity measure. Table 8 : Three-Factor model Summary Statistics for the difference between simulated and observed CDS premia -Avg Diff is the difference of the simulated over the actual observed spread.
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